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a b s t r a c t

A normalized univalent function f is called Ma–Minda starlike or convex if
zf 0ðzÞ=f ðzÞ � uðzÞ or 1þ zf 00ðzÞ=f 0ðzÞ � uðzÞ where u is a convex univalent function with
uð0Þ ¼ 1. The class of Ma–Minda convex functions is shown to be closed under certain
operators that are generalizations of previously studied operators. Analogous inclusion
results are also obtained for subclasses of starlike and close-to-convex functions. Connec-
tions with various earlier works are made.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction and motivation

Let D ¼ fz 2 C : jzj < 1g be the open unit disc in the complex plane and let A denote the class of all functions f analytic in
D normalized by the conditions f ð0Þ ¼ 0 and f 0ð0Þ ¼ 1. An analytic function f is subordinate to g in D, written
f ðzÞ � gðzÞ ðz 2 DÞ, if there exists a function w analytic in D with wð0Þ ¼ 0 and jwðzÞj < 1 satisfying f ðzÞ ¼ gðwðzÞÞ. In par-
ticular, if the function g is univalent in D, then f ðzÞ � gðzÞ is equivalent to f ð0Þ ¼ gð0Þ and f ðDÞ � gðDÞ. A function f 2 A is
starlike if f ðDÞ is a starlike domain with respect to 0, and f 2 A is convex if f ðDÞ is a convex domain. Analytically, these geo-
metric properties are respectively equivalent to the conditions

Re
zf 0ðzÞ
f ðzÞ

� �
> 0; or Re 1þ zf 00ðzÞ

f 0ðzÞ

� �
> 0:

In terms of subordination, these conditions are respectively equivalent to

zf 0ðzÞ
f ðzÞ �

1þ z
1� z

; or 1þ zf 00ðzÞ
f 0ðzÞ �

1þ z
1� z

:

The subclasses of A consisting of starlike and convex functions are denoted respectively by ST and CV.
Ma and Minda [18] gave a unified presentation of various subclasses of starlike and convex functions by replacing the

superordinate function ð1þ zÞ=ð1� zÞ by a more general analytic function u with positive real part and normalized by
the conditions uð0Þ ¼ 1 and u0ð0Þ > 0. Further it is assumed that u maps the unit disk D onto a region starlike with respect
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to 1 that is symmetric with respect to the real axis. They introduced the following general classes that envelopes several
well-known classes as special cases:

ST ðuÞ :¼ f 2 A :
zf 0ðzÞ
f ðzÞ � uðzÞ

� �
;

and

CVðuÞ :¼ f 2 A : 1þ zf 00ðzÞ
f 0ðzÞ � uðzÞ

� �
:

For b < 1, let ub : D! C be defined by

ubðzÞ ¼
1þ ð1� 2bÞz

1� z
:

Then the classes ST ðubÞ and CVðubÞ reduce to the familiar classes of univalent starlike and convex functions of order b:

ST ðbÞ :¼ f 2 A : Re
zf 0ðzÞ
f ðzÞ

� �
> b

� �
;

CVðbÞ :¼ f 2 A : Re 1þ zf 00ðzÞ
f 0ðzÞ

� �
> b

� �
:

If uk;l : D! C is the conformal mapping of D onto the domain

Xk;l ¼ fw 2 C : Rew� l > kjw� 1jg;

and normalized by uk;lð0Þ ¼ 1, then the classes ST ðuk;lÞ and CVðuk;lÞ reduce to the classes ST ðk;lÞ and CVðk;lÞ of parabolic
starlike and uniformly convex functions. The class CVðk;lÞ was investigated by Yang and Owa [28], and Frasin [15].

In [3], Biernacki falsely claimed that
R z

0 f ðfÞ=fdf is univalent whenever f is univalent. Moved by this, Causey [13] consid-
ered a related problem of finding conditions on d such that

R z
0 ðf ðfÞ=fÞ

ddf is univalent whenever f is univalent. A survey on
these problems can be found in [20]. In recent years, considerable attention has been given to the problem for various classes
of univalent functions, see for example, the works of [1,2,4–12,15–17,22,21,26,27].

For 0 6 a 6 1, let CCa be the class of functions f analytic in jzj < 1 satisfying j argðf 0ðzÞ=h0ðzÞÞj 6 1
2 ap in D with respect to

some univalent convex function h (depending on f). Suppose jz1j 6 1; jz2j 6 1, and f 2 CCa. Then Pommerenke [23] proved thatZ z

0

f ðz2fÞ � f ðz1fÞ
ðz2 � z1Þf

df 2 CCa:

Singh [25] showed that 1
2

R 2
0 ½f ðtÞ � f ð�tÞ�t�1dt is starlike if f is starlike. Analogous results were also proven for convexity

and close-to-convexity. Extending the results of Singh [25], Chandra and Singh [14] proved that the integralZ z

0

f ðeilfÞ � f ðeiwfÞ
ðeil � eiwÞf df; ðl – w; 0 6 l;w < 2pÞ

preserves membership in the classes of starlike, convex and close-to-convex functions. The integral operators discussed ear-
lier are generalized in the following form:

Definition 1. For ai P 0 and fi 2 A, define the operators

FðzÞ ¼ Ff1 ;���;fn ;z1 ;z2
ðzÞ ¼

Z z

0

Yn

i¼1

fiðz2fÞ � fiðz1fÞ
ðz2 � z1Þf

� �ai

df ðz1; z2 2 DÞ; ð1:1Þ

GðzÞ ¼ Gf1 ;���;fn ;z1 ;z2 ðzÞ ¼z
Yn

i¼1

fiðz2zÞ � fiðz1zÞ
ðz2 � z1Þz

� �ai

ðz1; z2 2 DÞ: ð1:2Þ

Here the powers are chosen to be principal. It is clear that GðzÞ ¼ zF 0ðzÞ. With F and G as above, define the classes F n and
Gn respectively by

F nðf1; . . . ; fnÞ :¼ Ff1 ;���;fn ;z1 ;z2
: fi 2 A; z1; z2 2 D

� �
; ð1:3Þ

and

Gnðf1; . . . ; fnÞ :¼ Gf1 ;���;fn ;z1 ;z2
: fi 2 A; z1; z2 2 D

� �
: ð1:4Þ

In the case n ¼ 1, it is assumed that a1 ¼ 1 in (1.1) and (1.2), and we write Fðf Þ :¼ F 1ðf Þ and Gðf Þ :¼ G1ðf Þ respectively.
Ponnusamy and Singh [24] introduced the operator F in (1.1) and investigated its univalence. In this paper, membership

preservation properties of the operators F and G on the subclasses of starlike, convex and close-to-convex functions will be
investigated. We shall also make connections with various earlier works. The following lemma will be required.
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Lemma 1.1 [19]. Let G and H be analytic in D, and let H be univalent and convex. If the range of the function G0=H0 is contained in
a convex set D, then so do the numbers ½Gðz2Þ � Gðz1Þ�=½Hðz2Þ � Hðz1Þ� for z1; z2 2 D.

This lemma yields the following result:

Lemma 1.2. Let u be a convex function with uð0Þ ¼ 1 and z1; z2 2 D. If f 2 A satisfies the subordination f 0ðzÞ=g0ðzÞ � uðzÞ for
some g 2 CV, then

f ðz2zÞ � f ðz1zÞ
gðz2zÞ � gðz1zÞ � uðzÞ:

2. The Operators F and G on subclasses of convex functions

Theorem 2.1. For i ¼ 1;2; . . . ;n, let ai P 0; 0 6 bi < 1 and c :¼ 1�
Pn

i¼1aið1� biÞ. For fi 2 A, let F and G be given by (1.1) and
(1.2) respectively. If fi 2 CVðbiÞ, then F 2 CVðcÞ and G 2 ST ðcÞ. In particular, if

Pn
i¼1aið1� biÞ 6 1, then F 2 CV and G 2 ST .

Proof. Let fi 2 CVðbiÞ so that

ðzf 0iðzÞÞ
0

f 0i ðzÞ
¼ 1þ zf 00i ðzÞ

f 0i ðzÞ
� ubi

ðzÞ; ð2:1Þ

where ubi
: D! C is the convex function defined by

ubi
ðzÞ ¼ 1þ ð1� 2biÞz

1� z
:

For 0 6 bi < 1; ubi
ðDÞ is the half-plane Rew > bi and hence ubi

ðDÞ is a convex domain. Since fi is a convex function, Lemma
1.2 applied to the subordination (2.1) yields

z2zf 0iðz2zÞ � z1zf 0iðz1zÞ
fiðz2zÞ � fiðz1zÞ � ubi

ðzÞ;

or equivalently,

Re
z2zf 0iðz2zÞ � z1zf 0iðz1zÞ

fiðz2zÞ � fiðz1zÞ

� �
> bi: ð2:2Þ

A differentiation of (1.1) yields

F 0ðzÞ ¼
Yn

i¼1

fiðz2zÞ � fiðz1zÞ
ðz2 � z1Þz

� �ai

;

and differentiating logarithmically shows that

1þ zF 00ðzÞ
F 0ðzÞ

¼ 1�
Xn

i¼1

ai

 !
þ
Xn

i¼1

ai
z2zf 0iðz2zÞ � z1zf 0iðz1zÞ

fiðz2zÞ � fiðz1zÞ

� �
: ð2:3Þ

It follows from (2.3) by using the inequality (2.2) that F 2 CVðcÞ:

1þ Re
zF 00ðzÞ
F 0ðzÞ

¼ 1�
Xn

i¼1

ai

 !
þ
Xn

i¼1

aiRe
z2zf 0iðz2zÞ � z1zf 0iðz1zÞ

fiðz2zÞ � fiðz1zÞ

� �
> 1�

Xn

i¼1

ai

 !
þ
Xn

i¼1

aibi ¼ c:

The result that G 2 ST ðcÞ follows from the fact that zF 0ðzÞ ¼ GðzÞ and that F 2 CVðcÞ. h

Corollary 2.1. Let 0 6 b < 1. For i ¼ 1;2; . . . ;n, let ai P 0 and c :¼ 1� ð1� bÞ
Pn

i¼1ai. For fi 2 A, let F be given by (1.1). If
fi 2 CVðbÞ, then F 2 CVðcÞ and G 2 ST ðcÞ. In particular, if

Pn
i¼1ai 6 1, then F 2 CVðbÞ and G 2 ST ðbÞ.

Corollary 2.2. For i ¼ 1;2; . . . ;n, let ai P 0; 0 6 bi < 1 and c :¼ 1�
Pn

i¼1aið1� biÞ. For fi 2 A; let F nðf1; . . . ; fnÞ and
Gnðf1; . . . ; fnÞ be given by (1.3) and (1.4) respectively. If fi 2 CVðbiÞ, then F nðf1; . . . ; fnÞ � CVðcÞ and Gnðf1; . . . ; fnÞ � ST ðcÞ. In par-
ticular, if

Pn
i¼1aið1� biÞ 6 1, then F nðf1; . . . ; fnÞ � CV and Gnðf1; . . . ; fnÞ � ST . Also if f 2 CVðaÞ; 0 6 a < 1, then Fðf Þ � CVðaÞ

and Gðf Þ � ST ðaÞ.

A.O. Badghaish et al. / Applied Mathematics and Computation 218 (2011) 667–672 669



Author's personal copy

Remark 2.1. Let 0 6 a < 1. The inclusions Gðf Þ � ST ðaÞ and Fðf Þ � CVðaÞ for f 2 CVðaÞ contained the results of Chandra and
Singh [14, Theorem 2.1, p. 1271 and Theorem 2.4 p. 1273]. The following result of Singh [25] is also contained in ours: If
f 2 CV, then

R z
0 ðf ðtÞ � f ð�tÞÞ=ð2tÞdt 2 CV.

For i ¼ 1;2; . . . ;n, let ai P 0;0 6 b < 1 and
Pn

i¼1ai ¼ 1. For fi 2 A, let F be given by (1.1). By Corollary 2.1, if fi 2 CVðbÞ, then
F 2 CVðbÞ. This result is next proved in a more general setting:

Theorem 2.2. For i ¼ 1;2; . . . ;n, let ai P 0 and
Pn

i¼1ai 6 1. Let u be convex in D with positive real part, and normalized by
uð0Þ ¼ 1. If fi 2 CVðuÞ, then F given by (1.1) satisfies F 2 CVðuÞ, and G given by (1.2) satifies G 2 ST ðuÞ.

Proof. Let fi 2 CVðuÞ so that

1þ zf 00i ðzÞ
f 0i ðzÞ

� uðzÞ:

Since u is a function with positive real part, it follows that

1þ Re
zf 00i ðzÞ
f 0i ðzÞ

> 0;

and hence fi is a convex function. As shown in the proof of Theorem 2.1, Lemma 1.2 yields

z2zf 0iðz2zÞ � z1zf 0iðz1zÞ
fiðz2zÞ � fiðz1zÞ � uðzÞ;

or for any fixed z 2 D,

z2zf 0iðz2zÞ � z1zf 0iðz1zÞ
fiðz2zÞ � fiðz1zÞ 2 uðDÞ:

Since u is convex, and 1 ¼ uð0Þ 2 uðDÞ, the convex combination of nþ 1 complex numbers

1;
z2zf 0iðz2zÞ � z1zf 0iðz1zÞ

fiðz2zÞ � fiðz1zÞ ði ¼ 1;2; . . . ; nÞ;

is again in uðDÞ:

ð1�
Xn

i¼1

aiÞð1Þ þ
Xn

i¼1

ai
z2zf 0iðz2zÞ � z1zf 0iðz1zÞ

fiðz2zÞ � fiðz1zÞ

� �
2 uðDÞ:

Thus it follows that

1�
Xn

i¼1

ai

 !
þ
Xn

i¼1

ai
z2zf 0iðz2zÞ � z1zf 0iðz1zÞ

fiðz2zÞ � fiðz1zÞ

� �
� uðzÞ:

In view of (2.3), the above subordination becomes

1þ zF 00ðzÞ
F 0ðzÞ

� uðzÞ;

which proves F 2 CVðuÞ. h

Corollary 2.3. Let u be convex in D with positive real part, and normalized by uð0Þ ¼ 1. If f 2 CVðuÞ, thenZ z

0

f ðz2fÞ � f ðz1fÞ
ðz2 � z1Þf

df 2 CVðuÞ and
f ðz2zÞ � f ðz1zÞ

z2 � z1
2 ST ðuÞ:

Corollary 2.4. For i ¼ 1;2; . . . ;n, let ai P 0 and
Pn

i¼1ai 6 1. Let u be convex in D with positive real part, and normalized by
uð0Þ ¼ 1. If fi 2 CVðuÞ, then F nðf1; . . . ; fnÞ � CVðuÞ and Gnðf1; . . . ; fnÞ � ST ðuÞ. In particular, if f 2 CVðuÞ, then Fðf Þ � CVðuÞ
and Gðf Þ � ST ðuÞ.

3. Operators on subclasses of starlike and close-to-convex functions

In this section, we shall devote attention to the following special case of the operator F:

F1ðzÞ :¼
Z z

0

f ðz2fÞ � f ðz1fÞ
ðz2 � z1Þf

df:

670 A.O. Badghaish et al. / Applied Mathematics and Computation 218 (2011) 667–672
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Theorem 3.1. Let u be convex in D with positive real part, and normalized by uð0Þ ¼ 1. If f 2 ST ðuÞ, then F1 2 ST ðuÞ.

Proof. Since f 2 ST ðuÞ, there exists a function g 2 CVðuÞ such that f ðzÞ ¼ zg0ðzÞ. In fact, such a function g satisfies

gðazÞ ¼
Z z

0

f ðafÞ
f

df ðjaj 6 1Þ:

Using this identity, it follows that

F1ðzÞ ¼
Z z

0

f ðz2fÞ � f ðz1fÞ
ðz2 � z1Þf

df ¼ gðz2zÞ � gðz1zÞ
z2 � z1

:

Since g 2 CVðuÞ, Corollary 2.3 shows that

gðz2zÞ � gðz1zÞ
z2 � z1

2 ST ðuÞ;

and hence F1 2 ST ðuÞ. h

Corollary 3.1. Let u be convex in D with positive real part, and normalized by uð0Þ ¼ 1. If f 2 ST ðuÞ, then Fðf Þ � ST ðuÞ.

Remark 3.1. For 0 6 a < 1, if f 2 ST ðaÞ, then the above corollary shows that Fðf Þ � ST ðaÞ. This result contains a result of
[14, Theorem 2.3, p. 1273]. The above corollary also contains the following result of [25]: If f 2 ST , then
Fðf Þ ¼

R z
0 ðf ðtÞ � f ð�tÞÞ=ð2tÞdt 2 ST .

Definition 2. Let u and w be convex functions with positive real part and normalized respectively by /ð0Þ ¼ 1 and wð0Þ ¼ 1.
The class CCðu;wÞ consists of functions f 2 A satisfying the subordination

f 0ðzÞ
h0ðzÞ

� uðzÞ;

where h 2 CVðwÞ.
For 0 6 a; s < 1, let ua : D! C and ws : D! C be defined by

uaðzÞ ¼
1þ ð1� 2aÞz

1� z
; waðzÞ ¼

1þ ð1� 2sÞz
1� z

:

In this case, the class CCðu;wÞ reduces to the familiar class of univalent close-to-convex functions of order a and type s:

CCða; sÞ :¼ f 2 A : Re
f 0ðzÞ
h0ðzÞ

� �
> a;where h 2 CVðsÞ

� �
:

In this form, the class CCa investigated by Pommerenke [23] becomes a special case of CCðu;wÞ, that is,

CCa ¼ CC
1þ z
1� z

� �a

;
1þ z
1� z

� �
:

The following closure property for the class CCðu;wÞ contains a result of Pommerenke [23].

Theorem 3.2. If f 2 CCðu;wÞ, then F1 2 CCðu;wÞ.

Proof. If f 2 CCðu;wÞ, then there exists a function h 2 CVðwÞ such that

f 0ðzÞ
h0ðzÞ

� uðzÞ:

Corollary 2.3 yields

H1ðzÞ :¼
Z z

0

hðz2fÞ � hðz1fÞ
ðz2 � z1Þf

df 2 CVðwÞ:

Since RewðzÞ > 0, the function h is convex. It follows from Lemma 1.2 that

f ðz2zÞ � f ðz1zÞ
hðz2zÞ � hðz1zÞ � uðzÞ:

A.O. Badghaish et al. / Applied Mathematics and Computation 218 (2011) 667–672 671



Author's personal copy

Since

F 01ðzÞ
H01ðzÞ

¼ f ðz2zÞ � f ðz1zÞ
hðz2zÞ � hðz1zÞ ;

we deduce that F1 2 CCðu;wÞ. h

Corollary 3.2. If f 2 CCðu;wÞ, then Fðf Þ � CCðu;wÞ. In particular, for 0 6 a; s < 1, if f 2 CCða; sÞ, then Fðf Þ � CCða; sÞ.

Remark 3.2. The second statement of the above corollary contains a result of [14, Theorem 2.6, p. 1274]. The above corollary
also contains the following result of [25]: If f 2 CC with respect to the convex function h, then
Fðf Þ ¼

R z
0 ðf ðtÞ � f ð�tÞÞ=ð2tÞdt 2 CC with respect to the convex function Hðf Þ ¼

R z
0 ðhðtÞ � hð�tÞÞ=ð2tÞdt.
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